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\S 2.
2.1 ( 2 3 ideal 3-rank
).
$d$ .
1154 2000 106-116 106
Step 1 $e,$ $e^{*}$
$e=\{$
1if $d\equiv 1$ (mod 4),
2otherwise,
$e^{*}= \frac{2}{e}$ $(e\cdot e^{*}=2)$
.
(A) $d$ 3 .
Step 2 4
(A.3) $\mathrm{g}\mathrm{c}\mathrm{d}(a, C)|1\mathrm{c}\mathrm{m}(e, 3d)$ ,
(A.4) $v_{3}(a)\neq 2$
$(a, b, c)(\in \mathrm{N}\cross \mathbb{N}\mathrm{X}\mathbb{N})$
$W_{d}$ . $W_{d}$
$(a, b_{C},)$ , 3
$\{$
(A.5) $- \frac{c}{e}<S<\frac{c}{e}$ ,
(A 6) $3bs\equiv a(\mathrm{m}\mathrm{o}\mathrm{d} e^{*}C)$ ,
(A.7) $s^{2}\equiv-3d(\mathrm{m}\mathrm{o}\mathrm{d} e^{*2}c)$
$s(\in \mathbb{Z})$ . $s$ , $(a, b_{C},)$ ,
, $s_{()}a,b,c$ . $W_{d}$ $V_{d}$
$V_{d}= \{(a, b, C)\in W_{d}||\frac{s_{(a,b,c)}+\sqrt{-3d}}{ec}*|>1\}$
.
Step 3. $V_{d}$ ( $a,$ $b_{C)}$, , 3 $fa,c(Z)$
$f_{a,c}(Z)=Z^{3}-3cz_{-}ea$
. , $n$ $r$
$n=\# V_{d}$ , $r=\log_{3}(2n+1)\in \mathbb{R}$
.
107
. $V_{d}$ 2 $\mathbb{Q}(\sqrt{d})$ 3 1 1 .
$V_{d}$
$rightarrow 11$ 2 $\mathbb{Q}(\sqrt{d})$ 3
$(a, b, c)$ $\mapsto$ $\mathrm{s}_{\mathrm{P}}]_{\mathbb{Q}(f_{a},(Z)}\mathrm{C})$
. , $\mathrm{S}\mathrm{p}\mathrm{l}_{\mathbb{Q}(}fa,c(z))$ , $(Z)$ $\mathbb{Q}$ . $n\uparrow\mathrm{h}$ ,
2 3 – . H , , 2
ideal 3-rank – .
(B) $d$ 3 , 7 (A$.1$ ) $\sim(\mathrm{A}.7)$
$\{$
(B.1) $\frac{1}{3e^{*}}\sqrt[3]{9e^{*}(d+3)}\leq c<\frac{e\sqrt{d}}{3}$ ,
(B.2) $a^{2}+ \frac{d}{3}b22c=e^{*}3$ ,
(B.3) $\mathrm{g}\mathrm{c}\mathrm{d}(a, c)|1\mathrm{c}\mathrm{m}(e, \frac{d}{3})$ ,
(B.4) $\max\{v_{3}(a^{2}e^{2}-d-4), v_{3(}a), v_{3}(b)\}\geq 2$ .
$\{$
(B.5) $- \frac{c}{e}<S<\frac{c}{e}$ ,
(B.6) $bs\equiv a(\mathrm{m}\mathrm{o}\mathrm{d} e^{*}C)$ ,
(B.7) $s^{2} \equiv-\frac{d}{3}(\mathrm{m}\mathrm{o}\mathrm{d} e^{*}C)2$ .
. , $V_{d}$
$V_{d}= \{(a, b, C)\in W_{d}||\frac{s_{(a,b,c)}+\sqrt{-d/3}}{ec}*|>1\}$
. , , (A) .
22. $W_{d}$ , . 2.1 step ,





$3.1([\mathrm{K}_{-}\mathrm{M}])$ . $d$ . , 2
(I), (II) .
(I) 2 $\mathbb{Q}(\sqrt{d})$ 3 .
(II) 4 (1), (2), (3) (4) $0$
$(x, u, w)\in \mathbb{Z}\neq 0\mathrm{X}\mathbb{Z}\neq 0\cross \mathbb{Z}\neq 0$ .
(1) $\mathrm{g}\mathrm{c}\mathrm{d}(u, w)=1$ ,
(2) $Z^{3}-uwZ-u^{2}$ $\mathbb{Q}$ ,
(3) $dx^{2}=4uw^{3}-27u^{2}$ ,
(4)
(4.i) 3 $\{w$ ,
$(4.\mathrm{i}\mathrm{i})$ 3 $|w,$ $uw\not\equiv 3$ (mod 9), $u\equiv w\pm 1$ (mod 9),
$(4.\mathrm{i}\mathrm{i}\mathrm{i})$ 3 $|w,$ $uw\equiv 3$ (mod 9), $u\equiv w\pm 1$ (mod 27)
1 .
, , $Z^{3}-uwZ-u^{2}=0$ , $\mathbb{Q}(\sqrt{d})$ 3
. , $\mathbb{Q}(\sqrt{d})$ 3 ,
.
3.1 .
32. $d$ . , 2 (I), (II)
.
(I) 2 $\mathbb{Q}(\sqrt{d})$ 3 .
(II) 3.1 (1), (2), (3) (4)
$0$ $(x, u, w)\in \mathbb{Z}\neq 0\cross \mathbb{Z}\neq 0\cross \mathbb{Z}_{\neq 0}$ .
(4’) $p>3$ $w=p^{4},$ $u=dk^{2}(k\in \mathrm{N})$ .
109
, , $Z^{3}-uwz-u^{2}=0$ , $\mathbb{Q}(\sqrt{d})$ 3
. , $\mathbb{Q}(\sqrt{d})$ 3 ,
.
33. 3.1 32 , (4) (4) . (4)
$(x, u, w)$ , (4.i) . , 3.1 $(4.\mathrm{i}\mathrm{i})(4.\mathrm{i}\mathrm{i}\mathrm{i})$ ,
. 3 , (4’) $p$ ,
. 1 3 ,
.




(A 2) $rightarrow$ (3)
(A 3) $rightarrow$ (1)
(A.4) $rightarrow$ (4) $(4’)$
\S 4.
2.1 , $1\leq d\leq 10^{5}=100,000$
$d$ , 2 $\mathbb{Q}(\sqrt{d})$ 3 .
45 .
4.1 ( 45 ). $m=m_{0}$ n-sf , 1000($m_{0}$ -
$1)+1\leq d\leq 100\mathrm{o}m0$ $d$ , (non-squarefree)
. , $m=m_{0}$ $0$ , $1000(m_{0^{-}}1)+1\leq d\leq 1000m0$
$d$ , 2 $\mathbb{Q}(\sqrt{d})$ ideal $3$-rank
$r_{d}$
$0$ . , 1( 2) , $r_{d}$ 1( 2)
110
. , $1\leq d\leq 10^{5}$ $d$ , $r_{d}$ 3
.
45 46 47 .
42( 46 4.7 ). 46 , $m$ ,
$1000(m-1)+1\leq d\leq 1000m$ n-pt, $r_{d^{=}}0,1,2$ (%)
. - , 47 , $m$ , $1\leq d\leq 1000m_{0}$ n-pt,
$r_{d}=0,1,2$ (%) .
43($r_{d}=2$ 2 $\mathbb{Q}(\sqrt{d})$ ). $1\leq d\leq 10^{5}$
$d$ , $r_{d}=2$
$d=23659$ ,32009, 42817, 43063, 43486, 51694, 53507, 53678, 62501, 62687,
72329, 83414, 85431, 85666, 97719
15 . , $d$ 8 \S 5 $((\mathrm{i})\sim$
(viii) $)$ .
44. , Maple V . ,
21 text ffle Maple Internal Format File,
$1\leq d\leq 10^{5}$ $d$ , 45 ,
$\mathrm{T}\mathrm{N}\mathrm{T}$ (Tools on Number Theory Web)
.




rat io (each 1000)
rat io (sum up)
47
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\S 5. ideal 3-rank 2 2 $\mathbb{Q}(\sqrt{d})(1\leq d\leq 6.0\cross 10^{4})$
(i) $d=23659$ . $(e=2, e^{*}=1, d_{0}=-70977.)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,\mathrm{C}}(Z)$
138 270 245 19. . . $Z^{3}-414Z-$ 540
181 1837 2 $-86$ 15 $\cdots$ $Z^{3}-543Z-3674$
226 2998 2 $-103$ 1.2 $\cdots$ $Z^{\mathrm{s}_{-}}678Z-5996$
241 2872 3 $-29$ 1.1 $\cdots$ $Z^{3}-723Z-5744$
298 1862 6 $-29$ 0.8 $\cdots$
(ii) $d=$ 32009. $(e=1, e^{*}=2, d_{0}= - 96027)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,c}(Z)$
61 209 29 25. . . $Z^{3}-183Z-$ $209$
103 956 2 $-81$ 15 $\cdots$ $Z^{3}-309Z-$ $956$
123 2565 117 13. . . $Z^{3}-369Z-2565$
157 3823 123 1.06 $\cdots$ $Z^{3}-471Z-3823$
177 4617 123 0.94. ..
(iii) $d=42817$. $(e=1, e^{*}=2, d_{0}= - 128451)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,c}(Z)$
75 729 1 $-57$ 24 $\cdots$ $Z^{3}-225Z-$ $729$
103 1793 1 $-89$ 17 $\cdots$ $Z^{3}-309Z-1793$
115 1208 2 $-67$ 15 $\cdots$ $Z^{3}-345Z-1208$
183 4833 147 1.05 $\cdots$ $Z^{3}-549Z-4833$
205 5771 147 0.94 $\cdots$
(iv) $d=$ 43063. $(e=2, e^{*}=1, d_{0}=-129189.)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,c}(Z)$
190.1486 2 $-69$ 19 $\cdots$ $Z^{3}-570z-$ $2972$
237 2943 2 $-102$ 15 $\cdots$ $Z^{3}-711Z-$ 5886
265 2854 111 14. . . $z^{\mathrm{s}_{-79}}5z-$ $5708$
310 5014 291.1 $\cdots$ $Z^{\mathrm{s}_{-}}93\mathrm{o}z_{-}10028$
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(v) $d=43486$ . $(e=2, e^{*}=1, d_{0}=-130458.)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,\mathrm{c}}(Z)$
169 361 2 32 2.1 $\cdots$ $Z^{3}-507Z-$ 722
174 756 2 $-48$ 2.0 $\cdots$ $Z^{3}-522Z-1512$
259 2609 3 $-113$ 1.4 $\cdots$ $Z^{3}-777z-5218$
331 2629 5 87 1.1 $\cdots$ $Z^{3}-993z-5258$
417 8235 2 $-87$ 0.8 $\cdots$
(vi) $d=516\mathrm{g}4$ . $(e=2, e^{*}=1, d_{0=-1}55082.)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,\text{ }}(Z)$
201 1593 2 $-36$ 1.9 $\cdots$ $Z^{3}-$ $603Z-3186$
$282$ 4104 2 120 14. . . $Z^{3}-$ $846Z-8208$
$331$ 1171 5 56 1.2 $\cdots$ $Z^{3}-993Z-2342$
$394$ 3304 6 96 1.02 $\cdots$ $Z^{3}-1182Z-6608$
$417$ 8181 2 $-96$ 0.97 $\cdots$
(vii) $d=53507$. $(e=2, e^{*}=1, d_{0=-1}60521.)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,C}(Z)$
186 810 2 $-51$ 2.1 $\cdots$ $Z^{3}-558z_{-}1620$
$213$ 1971 2 9 1.8 $\cdots$ $Z^{3}-639z_{-}3\mathrm{g}42$
$265$ 2368 3 57 15. . . $Z^{3}-795Z-4736$
$325$ 4618 3 152 13. . . $Z^{3}-975Z-9236$
(viii) $d=$ 53678. $(e=2, e^{*}=1, d_{0}= - 161034)$
$c$ a $b$ $s$ $| \frac{s+\sqrt{d_{0}}}{ec}*|$ $f_{a,c}(Z)$
222 2268 2 $-66$ 1.8 $\cdots$ $Z^{3}-$ $666Z-4536$
249 3105 2 $-105$ 1.6 $\cdots$ $Z^{3}-$ $747z_{-}6210$
331 179 5 34 1.2 $\cdots$ $Z^{3}-993Z-358$
379 4267 5 $-44$ 1.06 $\cdots$ $Z^{3}-1137Z-8534$
430 5228 6 $-44$ 0.93 $\cdots$
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. 21 efficient , “ 2
$\mathbb{Q}(\sqrt{-3d})$ , 2 ”
. – , 2 $\mathbb{Q}(\sqrt{d’})$ , 2.1 ,
2 $\mathbb{Q}(\sqrt{-3d’})$ . 2 , 1
$\mathbb{Z}$ , . , ,
2.1 2 .
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